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Abstract
We study high energy particle collisions around higher dimensional black holes. It is shown
that the center of mass energy can be arbitrarily large in the vicinity of the event horizon like
the Ban˜ados, Silk and West (BSW) process in four dimensions if the following two conditions are
satisfied: (i) the horizon is extremal and (ii) the parameters of either of the two colliding particles
are fine-tuned, which is called a critical particle condition. We also show that a test particle which
satisfies the critical particle condition can reach the event horizon from a distant region for a simple
case. Finally, we discuss the relation between the BSW process and the linear instability of test
fields around extremal black holes, the latter of which has been recently found by Aretakis [25–30].
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I. INTRODUCTION
Ban˜ados, Silk and West pointed out that a rapidly rotating black hole may act as a
particle accelerator to arbitrarily high energy [1]. We call this acceleration mechanism the
Ban˜ados-Silk-West (BSW) mechanism or BSW process. There are several discussions on the
BSW process [1–24]. From a purely relativistic point of view, it is suggested in [5] that an
arbitrarily high energy collision induced by the BSW process implies that an extremal Kerr
black hole is linearly unstable. If we consider the free-fall test particles with an arbitrarily
small mass from the far region, we expect that the gravity induced by those test particles
will be well described by a linear perturbation around the background spacetime. If one
of the test particles has the fine-tuned angular momentum for given energy such that the
BSW process works well, an arbitrarily high energy particle collision can occur near the
horizon. In principle, the center of mass (CM) energy can be as large as the mass energy
of the background black hole, where such intense gravity cannot be described by a linear
perturbation around the background black hole. Thus, it seems that we can construct a
perturbation which can be described by a linear perturbation around an extremal Kerr
black hole initially, but it cannot be after time evolution, so that an extremal Kerr black
hole is linearly unstable.
Recently, it is shown that the second-order derivative of a test field on the horizon of an
extremal black hole blows up in late times if the test field has a nonzero value on the horizon
as an initial condition [25–30]. Unlike in the case of a nonextremal black hole, the test field
can stay on the horizon for a long time and grow up. In this sense, an extremal black hole
has an instability on the horizon.
We would like to point out that there are some analogies between these two instabilities,
both of which imply that the extremal black hole horizon is linearly unstable. First, it seems
that both phenomena come from the vanishing surface gravity of the extremal horizon. In
this case, an observer on the horizon does not feel gravitational force, and hence a particle
or a field can stay in the vicinity of the horizon. Note that it is essential for the BSW
process that there exists a geodesic particle which stays in the vicinity of the horizon. Next,
a wave with sufficiently short wavelength behaves like a test particle. So, there should be a
natural analogy between the dynamics of test particles and test fields. Therefore, we suggest
that there is a close relationship between the BSW process and the instability of fields on
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extremal black holes.
According to the previous works [1–4], for an arbitrarily high energy particle collision
to occur by the BSW process, we need to impose at least two conditions: (i) the black
hole horizon is extremal and (ii) the parameters of either of the two colliding particles are
fine-tuned. We can derive these two conditions by imposing that a particle can asymptote
to the event horizon in infinite proper time. The condition (ii) is known as the critical
particle condition which is a relation among energy, angular momentum and electric charge
of the particle [1–4]. Since both the radial velocity and the acceleration of such a particle
asymptote to zero as it approaches the horizon, i.e.,
dr
dτ
→ 0 (r → r+) (1.1)
d2r
dτ 2
→ 0 (r → r+), (1.2)
where τ is the proper time of the particle and r+ is the radius of the horizon, we might
regard this condition as “force balance” conditions in an approach to the horizon.
It is proposed that the critical particle condition can be naturally realized if we consider
an innermost stable circular orbit (ISCO) particle. In the case of a near extremal Kerr black
hole, the radius of the ISCO is close to the horizon and such a particle satisfies dr/dτ ≃ 0 and
d2r/dτ 2 ≃ 0 in the vicinity of the horizon which is similar to the conditions (1.1) and (1.2).
If we consider a collision between an ISCO particle and another free-fall particle around an
extremal Kerr black hole, an arbitrarily high energy particle collision can also occur in the
extremal limit as shown in [6]. We can expect that there is a relation between the approach
of the ISCO to the horizon and the BSW process.
In this paper, to understand the nature of the BSW process deeper, we study high energy
particle collision around higher dimensional extremal black holes. The effective potential for
the radial coordinate r roughly has the form of −M/rD−3 +Φ2i /r2, where M is the mass of
the black hole and Φi is the conserved angular momentum for a particle in a D-dimensional
spacetime. The first term is the gravitational potential and the second term is the potential
of centrifugal force. In higher dimensions D ≥ 5, the power of gravitational force −(D − 3)
is not greater than that of centrifugal force −2. In that case, the effective potential does
not have a local minimum; namely, there is no stable circular orbit in contrast with four
dimensions. If the existence of ISCO is important for the BSW process, we can expect that
high energy particle collision cannot occur around higher dimensional extremal black holes.
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On the other hand, recently, it was shown that there are linear instabilities of test fields
on the horizon of higher dimensional extremal black holes [32]. If there exists an analogy
between instabilities of the test field and the BSW process, we can expect that a high energy
particle collision can also occur in higher dimensions.
There is also a discussion for the case of charged particles around an extremal Reissner-
Nordstro¨m black hole, which can be considered as a similar system for a free-fall test particle
around an extremal Kerr black hole [5]. In this case, we can understand the critical particle
condition for a radially moving charged particle as the force balance between gravitational
force and Coulomb force. In the case of higher dimensions, we can expect high energy
collision between two charged particles can also occur around an extremal charged black
hole. This is because gravitational force and Coulomb force have the same power law of
radial distance in higher dimensional spacetimes, and the situation is the same as the four-
dimensional case.
This paper is organized as follows. In Sec. II, we review the motion of a test particle
around Myers-Perry black hole spacetimes and investigate a CM energy for the colliding
two particles. We show that the collision with an arbitrarily high CM energy can occur in
the case of higher dimensions. In Secs. III and IV, we discuss whether critical particles can
reach the event horizon by investigating effective potentials of test particles. As a typical
case, we also investigate the cases of five and six dimensions in detail. In Sec. V, we study
the case of D-dimensional charged black holes. Section VI is devoted to the summary and
discussion. In this paper we use the units in which the light speed c = 1.
II. MYERS-PERRY BLACK HOLES AND PARTICLE MOTIONS
In this section, first, we review the motion of a test particle in the D-dimensional Myers-
Perry black hole spacetime [33–35]. Next, we investigate the collision of two particles falling
into the black hole and derive a CM energy of them.
We describe the Myers-Perry spacetime in D (≥ 4) dimensions in the Boyer-Lindquist
coordinates with the spin parameters {ai}i=1,...,n. Here n = ⌊D/2⌋ (≥ 2) where ⌊X⌋ is the
floor function or the greatest integer that is less than or equal to X . For even dimensions,
one of the spin parameter ai should vanish because of an extra unpaired spatial coordinate.
We will adopt the convention that an vanishes for even dimensions. We can assume ai ≥ 0
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for i = 1, . . . , n without loss of generality.
In this paper, for simplicity, we focus on the case where the spin parameters {ai} take
only one value ai = a or take only two different values ai = a and b. We adopt the convention
ai = a for i = 1, . . . , q and aj+q = b for j = 1, . . . , p, where q+p = n. We will assume that the
parameter a does not vanish. Under the assumptions and convention, we can calculate the
Hamilton-Jacobi equation and a CM energy of colliding two particles around a Myers-Perry
black hole in a unified way regardless of the parity of the spacetime dimensions. In the even
dimensional case, the black hole has n − 1 equal angular momenta if we set q = n − 1 (or
p = 1) because of the spin parameter b = an = 0. In the odd dimensional case, the black
hole has n equal angular momenta if we set a = b.
The line element in the higher dimensional Myers-Perry black hole is explicitly expressed
by the following form:
ds2 = −dt2 + Udr
2
V − 2M + ρ
2dθ2
+
2M
U
[
dt− a sin2 θ
q∑
i=1
(
q−i∏
k=1
sin2 αk
)
cos2 αq−i+1dφi
−b cos2 θ
p−ǫ∑
j=1
(
p−j∏
k=1
sin2 βk
)
cos2 βp−j+1dφj+q
]2
+(r2 + a2) sin2 θ
q−1∑
i=1
(
i−1∏
k=1
sin2 αk
)
dα2i + (r
2 + b2) cos2 θ
p−1∑
j=1
(
j−1∏
k=1
sin2 βk
)
dβ2j
+(r2 + a2) sin2 θ
q∑
i=1
(
q−i∏
k=1
sin2 αk
)
cos2 αq−i+1dφ
2
i
+(r2 + b2) cos2 θ
p−ǫ∑
j=1
(
p−j∏
k=1
sin2 βk
)
cos2 βp−j+1dφ
2
j+q, (2.1)
where ǫ is 1 and 0 for even and odd D dimensions, respectively, {φi}i=1,...,n−ǫ is the azimuthal
angular coordinates which take values in the range 0 ≤ φi ≤ 2π, r is the radial coordinate,
t is the temporal coordinate, θ is the angular coordinate which takes a value in the range
0 ≤ θ ≤ π/2, {αi}i=1,...,q and {βj}j=1,...,p are two sets of spherical polar coordinates, M is
the mass of the black hole and
U = rǫ
(
sin2 θ
r2 + a2
+
cos2 θ
r2 + b2
)
(r2 + a2)q(r2 + b2)p−ǫ
= rǫρ2(r2 + a2)q−1(r2 + b2)p−1−ǫ, (2.2)
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V = rǫ−2(r2 + a2)q(r2 + b2)p−ǫ, (2.3)
ρ2 = r2 + a2 cos2 θ + b2 sin2 θ (2.4)
and where
αq = βp = 0 (2.5)
and
∏0
k=1 fk = 1 for any function fk. If the equation V − 2M = 0 has at least one positive
root, there exists an event horizon at r = r+, where r+ is the largest root.
For later convenience, we define the functions ∆(r), Π(r) and Z(r) as
∆(r) ≡ V − 2M, (2.6)
Π(r) ≡
n−ǫ∏
i=1
(r2 + a2i ) = (r
2 + a2)q(r2 + b2)p−ǫ (2.7)
and
Z(r) ≡ (r2 + a2)(r2 + b2), (2.8)
respectively. We note that the function ∆ becomes zero at the event horizon r = r+, i.e.
∆(r+) = 0. (2.9)
These functions satisfy the following equations:
U =
rǫρ2Π
Z
, (2.10)
V
rǫΠ
=
1
r2
, (2.11)
V
U
=
(r2 + a2)(r2 + b2)
r2ρ2
=
Z
r2ρ2
. (2.12)
See Appendix A for more details on the line element.
A. Hamilton-Jacobi equation
We discuss the motion of a test particle with the rest mass m in the D-dimensional
Myers-Perry black hole spacetime by using the Hamilton-Jacobi method. We define the
action S = S(λ, xµ) as a function of the coordinates xµ and the parameter λ = τ/m for
massive particle, where τ correspond to the proper time. The Hamilton-Jacobi equation is
given by
∂S
∂λ
+H = 0, (2.13)
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where
H ≡ 1
2
gµνp
µpν (2.14)
is the Hamiltonian of a particle and pµ is the conjugate momentum given by
pµ =
∂S
∂xµ
. (2.15)
We can write S in the following form of separation of variables because of the cyclic coordi-
nates t and φi:
S =
1
2
m2λ− Et +
q∑
i=1
Φiφi +
p∑
i=1
Ψiφq+i + Sr(r) + Sθ(θ) +
q−1∑
i=1
Sαi(αi) +
p−1∑
i=1
Sβi(βi),(2.16)
where E ≡ −pt, Φi ≡ pφi for i = 1, . . . , q and Ψj ≡ pφq+j for j = 1, . . . , p are constants and
Sr(r) and Sθ(θ) are functions of the coordinates r and θ, respectively. For even dimensions,
one of the conserved angular momenta Φi and Ψj should vanish because of an extra un-
paired spatial coordinate. Here we have adopted the convention that Ψp vanishes for even
dimensions. The constant E corresponds to the energy of the particle and {Φi}i=1,...,q and
{Ψj}j=1,...,p correspond to the angular momenta of the particle.
We can separate the Hamilton-Jacobi equation (B1), which is given in Appendix B, for
r and θ as
K = (E2 −m2)r2 + 2MZ
r2∆
E2(r)− ∆Z
rǫΠ
(
dSr
dr
)2
+
a2 − b2
r2 + a2
J21 +
−a2 + b2
r2 + b2
L21 (2.17)
and
K = (m2 −E2)(a2 cos2 θ + b2 sin2 θ) +
(
dSθ
dθ
)2
+
J21
sin2 θ
+
L21
cos2 θ
, (2.18)
respectively, where K, J21 and L
2
1 are separation constants and we have defined the function
E(r) as
E(r) ≡ E − a
r2 + a2
q∑
i=1
Φi − b
r2 + b2
p∑
i=1
Ψi. (2.19)
See Eqs. (B2) and (B3) for the definitions of J21 and L
2
1, respectively, in Appendix B. From
these equations, we obtain
dθ
dλ
=
dSθ
dθ
= σθ
√
Θ, (2.20)
dr
dλ
=
dSr
dr
= σr
√
R, (2.21)
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with
Θ(θ) ≡ (E2 −m2)(a2 cos2 θ + b2 sin2 θ) +K − J
2
1
sin2 θ
− L
2
1
cos2 θ
, (2.22)
R(r) ≡ r
ǫΠ
∆Z
[
−K + (E2 −m2)r2 + 2MZ
r2∆
E2(r) + a
2 − b2
r2 + a2
J21 +
−a2 + b2
r2 + b2
L21
]
, (2.23)
where σθ = ±1 and σr = ±1. Note that we can choose the values of σθ and σr independently
and 0 ≤ R and 0 ≤ Θ must be satisfied for allowed particle motions. From Eq. (2.22), the
condition for K is written as
(m2 − E2)(a2 cos2 θ + b2 sin2 θ) + J
2
1
sin2 θ
+
L21
cos2 θ
≤ K. (2.24)
From the forward-in-time condition dt/dλ ≥ 0, we can see the condition
E +
2MZ
∆ρ2r2
E(r) ≥ 0 (2.25)
must be satisfied outside the event horizon. By taking the limit r → r+, this condition
yields
E(r+) = E − a
r2+ + a
2
q∑
i=1
Φi − b
r2+ + b
2
p∑
i=1
Ψi ≥ 0. (2.26)
B. Effective potential with respect to the radial coordinate
Equation (2.21) can be transformed to the familiar form as the energy equation, which
is given by (
dr
dλ
)2
+ Veff(r, θ) = 0, (2.27)
where Veff(r, θ) is the effective potential for a particle, which is defined as
Veff(r, θ) ≡ Z
r2ρ4Π
T (r), (2.28)
with
T (r) ≡ r2−ǫ∆
[
K + (m2 −E2)r2 − 2MZ
r2∆
E2 − a
2 − b2
r2 + a2
J21 −
b2 − a2
r2 + b2
L21
]
. (2.29)
We obtain Veff → −E2+m2 at large distances r →∞. Therefore, a particle withm2−E2 > 0
is bound by the black hole or prohibited. We will discuss the effective potential in odd and
even dimensions in detail in Secs. III and VI, respectively.
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We define a critical particle as a particle which satisfies the condition
E(r+) = E − a
r2+ + a
2
q∑
i=1
Φi − b
r2+ + b
2
p∑
i=1
Ψi = 0. (2.30)
In fact, this condition is obtained by solving the condition
dr
dλ
∣∣∣∣
r=r+
= 0, (2.31)
namely, the radial velocity becomes zero at the horizon. For b = 0 or a = b, the function
E(r) in Eq. (2.19) for a critical particle can be written in a simple form as
E(r) = r
2 − r2+
r2 + a2
E. (2.32)
C. Center of mass energy for colliding two particles
We consider the collision of particles (1) and (2) whose rest masses and momenta are
given by m(1) and p
µ
(1) and m(2) and p
µ
(2), respectively. The CM energy ECM for the collision
of the two particles at a collision point r is obtained by
E2CM = −
(
pµ(1) + p
µ
(2)
) (
p(1)µ + p(2)µ
)
= m2(1) +m
2
(2) − 2gµνp(1)µp(2)ν
= m2(1) +m
2
(2) + 2E(1)E(2) −
2
ρ2
σ(1)θσ(2)θ
√
Θ(1)
√
Θ(2)
+
4MZ
r2ρ2∆
E(1)E(2) − 2∆Z
rǫρ2Π
σ(1)rσ(2)r
√
R(1)
√
R(2)
− 2
(r2 + a2) sin2 θ
q∑
i=1
Φ(1)iΦ(2)i∏q−i
k=1 sin
2 αk cos2 αq−i+1
− 2
(r2 + b2) cos2 θ
p∑
i=1
Ψ(1)iΨ(2)i∏p−i
k=1 sin
2 βk cos2 βp−i+1
−
q−1∑
i=1
2σ(1)αiσ(2)αi
√
A(1)i
√
A(2)i
(r2 + a2) sin2 θ
∏i−1
k=1 sin
2 αk
−
p−1∑
i=1
2σ(1)βiσ(2)βi
√
B(1)i
√
B(2)i
(r2 + b2) cos2 θ
∏i−1
k=1 sin
2 βk
, (2.33)
where the subscripts (1) and (2) denote the quantities for the particles (1) and (2), re-
spectively, and where σαi = ±1 and σβi = ±1 are independent; see Eqs. (B12)-(B15) in
Appendix B for the definition of Ai and Bi. We can see that ECM takes a finite value
outside the event horizon for colliding particles with finite conserved quantities. There is
a possibility that the center of mass energy ECM can be arbitrarily large only in the limit
where the collision point is arbitrarily close to the horizon.
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On the event horizon, σ(1)r = σ(2)r = −1 must be satisfied. Thus, we assume σ(1)r =
σ(2)r = −1. Using l’Hospital’s rule with respect to r2 in the near horizon limit r → r+, we
obtain
4MZ
r2ρ2∆
E(1)E(2) − 2∆Z
rǫρ2Π
√
R(1)
√
R(2) =
1
ρ2
(
W(1)
E(2)
E(1) +W(2)
E(1)
E(2)
)
, (2.34)
where
WI ≡ KI + (m2I − E2I )r2 −
a2 − b2
r2 + a2
J2I1 +
a2 − b2
r2 + b2
L2I1, (2.35)
where KI , JI1 and LI1 are K, J1 and L1 for the particle I = (1) or (2). Here we have used
Eq. (2.26). Thus, the CM energy for the collision of the two particles in the near horizon
limit r → r+ is obtained by
lim
r→r+
E2CM = m
2
(1) +m
2
(2) + 2E(1)E(2) −
2
ρ2
σ(1)θσ(2)θ
√
Θ(1)
√
Θ(2) +
1
ρ2
(
W(1)
E(2)
E(1) +W(2)
E(1)
E(2)
)
− 2
(r2+ + a
2) sin2 θ
q∑
i=1
Φ(1)iΦ(2)i∏q−i
k=1 sin
2 αk cos2 αq−i+1
− 2
(r2+ + b
2) cos2 θ
p∑
i=1
Ψ(1)iΨ(2)i∏p−i
k=1 sin
2 βk cos2 βp−i+1
−
q−1∑
i=1
2σ(1)αiσ(2)αi
√
A(1)i
√
A(2)i
(r2+ + a
2) sin2 θ
∏i−1
k=1 sin
2 αk
−
p−1∑
i=1
2σ(1)βiσ(2)βi
√
B(1)i
√
B(2)i
(r2+ + b
2) cos2 θ
∏i−1
k=1 sin
2 βk
. (2.36)
In the case of the black hole, this shows that a collision with an arbitrarily high CM energy
can occur if and only if one of the two particles is critical and the other is noncritical. For
the prospect of collisions with high CM energy, it is important to study whether critical
particles can reach the event horizon. Thus, we will discuss the effective potentials for
critical particles in Secs. III and IV.
III. MYERS-PERRY BLACK HOLES WITH EQUAL SPINS IN ODD DIMEN-
SIONS
A. Critical particles with general angular momenta
In this section, we will investigate the effective potentials for the critical particles and test
whether critical particles can reach the event horizon in the odd dimensional Myers-Perry
black hole spacetime with equal angular momenta a = b.
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In this case, the effective potential for critical particles is given by
Veff(r) =
T (r)
r2(r2 + a2)n
, (3.1)
where
T (r) =
[
K + (m2 −E2)r2] r2∆(r)− 2M(r2 − r2+)2E2, (3.2)
∆ =
1
r2
(r2 + a2)n − 2M. (3.3)
On the event horizon r = r+, the effective potential vanishes,
Veff(r+) = 0, (3.4)
because of the condition for the event horizon ∆(r+) = 0. For the critical particle to reach
the event horizon from r > r+, the first derivative of the effective potential V
′
eff(r+) should
be zero or negative. The function V ′eff(r+) at the horizon becomes
V ′eff(r+) =
T ′(r+)
r2+(r
2
+ + a
2)n
, (3.5)
T ′(r+) =
[
K + (m2 −E2)r2+
]
r2+∆
′(r+). (3.6)
Since ∆(r) takes a positive value outside the horizon, ∆′(r+) should be zero or positive. In
the case of ∆′(r+) > 0, K + (m
2 − E2)r2+ ≤ 0 must be satisfied. This case corresponds to
the so-called multiple scattering scenario [9]. In this paper, we mainly focus on the case
∆′(r+) = 0. In this case, the function V
′
eff becomes zero at the horizon, i.e.,
V ′eff(r+) = 0, (3.7)
and a particle asymptotes to the event horizon in infinite proper time. From Eq. (3.7), we
obtain
a2 = r2+(n− 1), (3.8)
r+ =
(
2M
nn
) 1
2n−2
. (3.9)
We can see that the Myers-Perry black hole must have an extremal rotation. Note that we
can obtain the same conclusion for the case of even dimensions in a way similar to the above
discussion.
From Eqs. (3.4) and (3.7), we can see that both the radial velocity and the acceleration
of the test particle vanish at the horizon, i.e.,
dr
dλ
∣∣∣∣
r=r+
= −
√
−Veff(r+) = 0, (3.10)
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and
d2r
dλ2
∣∣∣∣
r=r+
= −1
2
V ′eff(r+) = 0. (3.11)
This implies that the critical particle satisfies the force balance conditions (1.1) and (1.2) in
the case of the extremal horizon.
It is useful to classify the effective potential with the sign of the second derivative T ′′(r+)
and α ≡ m2/E2, where
T ′′(r+) = 8M
n− 1
n
[
K +
(
m2 − 3n− 1
n− 1 E
2
)
r2+
]
. (3.12)
In the case T ′′(r+) < 0 and α ≤ 1, T (r), and hence Veff(r) for a critical particle should be
negative at least in the vicinity of the horizon; the critical particle is allowed to exist at
large distances from the black hole and we refer to this class as class IA. This class is most
interesting because critical particles can reach from the infinity to the event horizon if T (r)
is negative everywhere outside the event horizon. These critical particles can collide with a
noncritical particle near the event horizon with an arbitrarily high CM energy.
In the case T ′′(r+) < 0 and α > 1, T (r), and hence Veff(r) for a critical particle should
be negative at least in the vicinity of the horizon; the critical particle is always bounded by
the black hole and we refer to this class as class IB.
In classes IA and IB , from the inequality (2.24) and T ′′(r+) ≤ 0, K should satisfy the
condition
(m2 − E2)a2 + J
2
1
sin2 θ
+
L21
cos2 θ
≤ K ≤ r2+
(
3n− 1
n− 1 E
2 −m2
)
. (3.13)
The case T ′′(r+) = 0 is the marginal case, and we refer to this class as class II. In four
dimensions (D = 4), this case corresponds to the last-stable-orbit collision [6, 14].
Suppose T ′′(r+) > 0. Then, the critical particle cannot reach the horizon without multiple
scattering because of the potential barrier and we refer to this class as class III.
For the critical particle to reach the horizon from the far region, the effective potential
should satisfy Veff ≤ 0 outside the horizon. Though it is difficult to show it in general, we can
prove it in the case of the massless particle or a highly relativistic particle with E2/m2 ≫ 1.
Since the function T is an increasing function of K as seen in Eq. (3.2), we only have to
show T ≤ 0 for the maximum value of K = Kmax in Eq. (3.13). In this case, T becomes
T |K=Kmax =
(
r2+
3n− 1
n− 1 E
2 −E2r2
)
r2∆− 2M(r2 − r2+)2E2. (3.14)
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As shown in Appendix E the function T |K=Kmax takes a negative value outside the horizon
r > r+.
B. Critical particles with only one nonvanishing angular momentum
For simplicity, we consider the case where the critical particle has only one nonvanishing
angular momentum. That is, we assume
Ψi = Bj = Φk = Ak = 0, Φq 6= 0, cos2 α1 = 1 (3.15)
where i = 1, 2, . . . , p, j = 1, 2, . . . , p− 1 and k = 1, 2, . . . , q − 1. See Appendix B for the
definitions of Ai, Bi, J
2
i and L
2
i . From Eqs. (B6), (B9), (B12)-(B15) and (3.15), we obtain
J21 = Φ
2
q (3.16)
and
J22 = J
2
3 = · · · = J2q = L21 = L22 = · · · = L2q = 0. (3.17)
Thus, the critical particle must satisfy
J21 =
(r2+ + a
2)2
a2
E2. (3.18)
The above results (3.16)-(3.18) are not only true in odd dimensions but also in even dimen-
sions under the assumption (3.15).
Under the assumption (3.15), from the inequality (3.13), we can find K which satisfies
the inequality (3.13) if the following inequality is satisfied:(
α− n + 1
n− 1
)
sin2 θ ≤ − n
n− 1 . (3.19)
Therefore, we can find K if α satisfies α ≤ (n + 1)/(n− 1) and θ satisfies
sin2 θ ≥ n
n(1− α) + 1 + α. (3.20)
On the equatorial plane sin θ = 1, we will find K in all odd dimensions if α satisfies α ≤
1/(n−1). This shows that the particle must be massless or highly relativistic for K to exist
in the large dimension limit n→∞.
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C. Five-dimensional case
As the simplest example of odd dimensional cases, we will consider the motion of the
critical particle in the extremal five-dimensional Myers-Perry black hole spacetime (a+ b =
√
2M) with equal angular momenta (a = b) [33–38] and investigate the BSW effect there.
This case is given by setting p = q = 1 and n = 2. The explicit form of the line element of
the Myers-Perry black hole spacetime is given in Appendix C.
The event horizon is obtained by
r+ = a =
√
M/2. (3.21)
From Eqs. (2.30) and (3.21) and q = p = 1, we get
2aE = Φ1 +Ψ1. (3.22)
From Eqs. (2.5), (3.22), (B6) and (B9) and q = p = 1, we obtain
J21 = Φ
2
1 (3.23)
and
L21 = Ψ
2
1 = (2aE − Φ1)2. (3.24)
The effective potential of the critical particle is given by
Veff =
T (r)
(r2 + a2)2r2
, (3.25)
where
T (r) ≡ (r2 − a2)2 [K + (m2 −E2)r2 − 4a2E2] . (3.26)
Figure 1 shows the examples of the effective potential Veff(r). In Fig. 1, the curves of classes
IA, IB, II and III correspond to the cases T ′′(r+) < 0 and α ≤ 1, T ′′(r+) < 0 and α > 1,
T ′′(r+) = 0 and T
′′(r+) < 0, respectively.
We consider classes IA and IB and therefore assume T ′′(r+) ≤ 0, where
T ′′(r+) = 8a
2
[
K + (m2 − 5E2)a2] . (3.27)
For five dimensions, the inequality (3.13) is described as
(m2 −E2)a2 + Φ
2
1
sin2 θ
+
(2aE − Φ1)2
cos2 θ
≤ K ≤ (5E2 −m2)a2. (3.28)
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FIG. 1. The examples of the effective potential Veff(r) for a critical particle in the five-dimensional
and extremal Myers-Perry black hole spacetime with equal angular momenta. The solid (red),
dashed (green), dot-spaced (blue) and dotted (purple) curves denote the effective potential for the
critical particle in classes IA (a = m = K = 1, E =
√
2), IB (a = m = K = 1, E = 1/
√
2),
II (a = m = 1, K = 9, E =
√
2) and III (a = m = 1, K = 30, E =
√
2), respectively.
In the case sin2 θ = 1 with 2aE = Φ1 or sin
2 θ = 0 with Φ1 = 0, the inequality (3.28) is
satisfied and we can find K which has a finite value if and only if 0 ≤ α ≤ 1. On the other
hand, in the case sin2 θ = 1 with 2aE 6= Φ1 or sin2 θ = 0 with Φ1 6= 0, we cannot get K.
Next, we consider the case where sin2 θ is neither 0 nor 1. In this case, K which satisfies
the inequality (3.28) exists if the following quadratic inequality for sin2 θ is satisfied:
2(3− α) sin4 θ + 2(α− 1− 2β) sin2 θ + β2 ≤ 0, (3.29)
where β ≡ Φ1/(aE). The inequality (3.29) is expressed by
(β − 2 sin2 θ)2 + 2 sin2 θ(1− sin2 θ)(α− 1) ≤ 0. (3.30)
For α > 1, we easily see that the inequality (3.30) is not satisfied. For 0 ≤ α ≤ 1, the
inequality (3.29) has the solution θ satisfying ζ− ≤ sin2 θ ≤ ζ+, where
ζ± ≡ 1− α + 2β ±
√
(1− α)[1− α + 2β(2− β)]
2(3− α)
(3.31)
and the range of β is given by
1−
√
6− 2α
2
≤ β ≤ 1 +
√
6− 2α
2
. (3.32)
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We plot ζ± in Fig. 2.
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FIG. 2. ζ± versus β ≡ Φ1/(aE) for a critical particle in the five-dimensional and extremal Myers-
Perry black hole spacetime with equal angular momenta. The solid (red), dashed (green), dot-
spaced (blue), dotted (purple) and dash-dotted (cyan) curves denote ζ+ and ζ− for α = 0, ζ+ and
ζ− for α = 0.5 and ζ± for α = 1, respectively. In the region ζ− ≤ sin2 θ ≤ ζ+ including ζ− = 0 and
ζ+ = 1, collisions with arbitrarily high CM energy occur.
Therefore, we can find K in the region ζ− ≤ sin2 θ ≤ ζ+ for 0 ≤ α ≤ 1 and 1 −√
6− 2α/2 ≤ β ≤ 1 + √6− 2α/2. Collisions with an arbitrarily high CM energy occur
within this region.
IV. MYERS-PERRY BLACK HOLES WITH EQUAL SPINS IN EVEN DIMEN-
SIONS
A. Critical particles with general angular momenta
In this section we discuss the effective potential for a critical particle in the even di-
mensional and extremal Myers-Perry black hole spacetime with the equal angular momenta
ai = a for i = 1, 2, . . . , n−1 and an = b = 0. In this case we have to set p = 1 and q = n−1.
Notice L2p = L
2
1 = 0 in the even dimensional case because of the convention Ψp = Ψ1 = 0
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and Eq. (B9). The effective potential for a critical particle is given by
Veff(r) =
T (r)
ρ4(r2 + a2)n−2
, (4.1)
where
T (r) =
[
K + (m2 − E2)r2 − a
2
r2 + a2
J21
]
r∆− 2Mr (r
2 − r2+)2
r2 + a2
E2 (4.2)
In the same way as for odd dimensions, we can show that the black hole must have the
extremal rotation so that critical particles reach the event horizon, where the force balance
conditions (1.1) and (1.2) hold.
From the condition for the event horizon r2+∆(r+) = 0 and the condition for the extremal
rotation
(
r2+∆(r+)
)′
= 0, we obtain
a2 = r2+(2n− 3) (4.3)
r+ = (2M)
1
2n−3 (2n− 2)−n+12n−3 . (4.4)
We concentrate on classes IA and IB, and hence T ′′(r+) ≤ 0, where
T ′′(r+) =
[
K +
(
m2 − 2n+ 1
2n− 3E
2
)
r2+ −
2n− 3
2n− 2J
2
1
]
(2M)
2n−4
2n−3 (2n− 2)−n+22n−3 2(2n− 3). (4.5)
From the inequality (2.24) and T ′′(r+) ≤ 0, K should satisfy the condition
(m2 − E2)a2 cos2 θ + J
2
1
sin2 θ
≤ K ≤
(
2n+ 1
2n− 3E
2 −m2
)
r2+ +
2n− 3
2n− 2J
2
1 . (4.6)
We can find K if we get sin2 θ which satisfies the inequality
(1− α)(2n− 3) sin4 θ +
[
2α(n− 1)− (2n− 3)− 2n+ 1
2n− 3 −
2n− 3
2n− 2
J21
r2+E
2
]
sin2 θ +
J21
r2+E
2
≤ 0.(4.7)
B. Critical particles with only one nonvanishing angular momentum
We assume the one conserved angular momentum case (3.15) for simplicity. Under the
assumption (3.15), we also obtain Eqs. (3.16)-(3.18) in even dimensions and the inequal-
ity (4.7) yields
(1− α)(2n− 3)2 sin4 θ + 2 [α(n− 1)(2n− 3)− 4n2 + 10n− 8] sin2 θ + 4(n− 1)2 ≤ 0. (4.8)
For α = 0, from the inequality (4.8), we obtain the condition
(2n− 3)2 sin4 θ + 2(−4n2 + 10n− 8) sin2 θ + 4(n− 1)2 ≤ 0. (4.9)
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Thus, we can find K for massless particles such as photons or highly relativistic massive
particles with E/m≫ 1 in all even dimensions in the region where sin θ satisfies the condition
η− ≤ sin2 θ ≤ 1 (≤ η+), (4.10)
where
η± ≡
(√
4n2 − 10n+ 7± 1)2
(2n− 3)2 . (4.11)
On the equatorial plane sin2 θ = 1, from the inequality (4.8), we see that K will be found
in all even dimensions if α ≤ 3/(2n− 3) is satisfied. Collisions with an arbitrarily high CM
energy occur within this region.
In the case of massless or highly relativistic massive particles with E/m ≫ 1, we can
show Veff < 0 outside the horizon r > r+, which is similar to the case of odd dimensions.
The proof is given in Appendix F
C. Six-dimensional case
As the simplest example of the higher and even dimensional case, we will consider the
effective potential for a critical particle in the six-dimensional and extremal Myers-Perry
black hole spacetime with the equal angular momenta. We have to set q = 2, p = 1 and
n = 3. For simplicity, we assume Φ1 = A1 = 0 and Φ2 6= 0. See Eq. (B12) for the definition
of A1 in Appendix B. The inequality (4.7) is reduced to
(−E2 +m2) sin4 θ +
(
16
9
E2 +
J21
M
2
3
− 4
3
m2
)
sin2 θ − 4
3
J21
M
2
3
≥ 0. (4.12)
Equations (B6) and (2.5) imply
J21 =
Φ22
cos2 α1
≥ Φ22. (4.13)
Equations (4.3) and (4.4) imply
a2 = 3r2+ =
3
4
M
2
3 . (4.14)
From Eqs. (2.30) and (4.14), the critical particle should satisfy
Φ2 =
2√
3
M
1
3E. (4.15)
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The effective potential for the critical particle is explicitly expressed by
ρ4
r4
Veff(r, θ) =
1
r4(r2 + a2)
{[
K + (m2 − E2)r2 − a
2J21
r2 + a2
]
[
(r2 + a2)2 − 16a
3r
3
√
3
]
− 16a
3r
27
√
3
(3r2 − a2)2E2
r2 + a2
}
. (4.16)
Figure 3 shows the examples of the effective potential ρ4Veff/r
4.
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FIG. 3. The examples of the effective potentials Veff(r, θ) for critical particles in the six-dimensional
and extremal Myers-Perry black hole spacetime with equal angular momenta. The solid (red),
dashed (green), dot-spaced (blue) and dotted (purple) curves denote the effective potentials for the
critical particles of classes IA (a = m = K = 1, E =
√
2, J1 = 2), IB (a = m = K = 1, E = 1/
√
2,
J1 = 2), II (a = m = 1, K = 38/9, E =
√
2, J1 = 2) and III (a = m = 1, K = 6, E =
√
2, J1 = 2),
respectively.
By substituting Eqs. (4.13) and (4.15) into the inequality (4.12), we obtain the inequality
9(α− 1) sin4 θ + 4 (4 + 3γ − 3α) sin2 θ − 16γ ≥ 0, (4.17)
where γ is defined by
γ ≡ 3J
2
1
4M
2
3E2
≥ 1. (4.18)
The inequality (4.17) is expressed by
3(α− 1)(4− 3 sin2 θ) sin2 θ + 4(γ − sin2 θ) + 12γ(1− sin2 θ) ≤ 0. (4.19)
For α = 1, the inequality (4.19) is satisfied only if sin2 θ = 1 and γ = 1. For α > 1, the
inequality (4.19) is not satisfied and therefore we cannot find any integral constant K which
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satisfies the inequality (4.6). In the case 0 ≤ α < 1, the inequality (4.17) is satisfied in the
region
ξ− ≤ sin2 θ ≤ 1 ( ≤ ξ+ ), (4.20)
where
ξ± ≡ 2(4 + 3γ − 3α)± 2
√
(4 + 3γ − 3α)2 + 36(α− 1)γ
9(α− 1) (4.21)
for
1 ≤ γ ≤ 7− 3α
4
. (4.22)
We plot ξ− in Fig. 4. The collision of a critical particle and a noncritical particle with an
arbitrarily high CM energy can occur within this region.
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FIG. 4. ξ− versus γ ≡ 3J21 /(4M
2
3E2) for a critical particle in the six-dimensional and extremal
Myers-Perry black hole spacetime with the equal angular momenta. The solid (red), dashed (green)
and dotted (blue) curves denote ξ− for α = 0, α = 1/3 and α = 2/3, respectively. In the region
ξ− ≤ sin2 θ ≤ 1, collisions with an arbitrarily high CM energy can occur.
V. HIGHER DIMENSIONAL REISSNER-NORDSTRO¨M BLACK HOLE
In this section, we investigate a CM energy for the collision of two charged particles in
a higher dimensional charged black hole spacetime. We will show that the CM energy for
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a critical charged particle and a noncritical charged particle can become arbitrarily large in
the near horizon limit and that critical charged particles can reach the event horizon from
the infinity in the higher dimensional and extremal charged black hole spacetime, which is
similar to the case of four dimensions [4, 5].
We consider the D-dimensional charged black hole spacetime whose line element and
gauge 1-form are given by [33]
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2D−2 (5.1)
and
Aµdx
µ = −
√
D − 2
8πGD(D − 3)
Q
rD−3
dt, (5.2)
respectively, where
f(r) ≡ 1− 2M
rD−3
+
Q2
r2(D−3)
, (5.3)
dΩ2D−2 = dχ
2
1 + sin
2 χ1dχ
2
2 + · · ·+
(
D−3∏
l=1
sin2 χl
)
dχ2D−2, (5.4)
GD is D-dimensional Newton’s constant and M and Q are the mass and the electric charge
of the black hole. There exists an event horizon if M ≥ Q is satisfied. In particular, the
horizon is the extremal for M = Q. The event horizon r+ is obtained by
r+ =
(
M +
√
M2 −Q2
)1/(D−3)
. (5.5)
Without loss of generality, we can set the orbit of the test charged particle on the equator
because of the spherical symmetry of the spacetime. In this case, it is sufficient to consider
the reduced line element
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dχ2, (5.6)
where we have set the coordinates dχ1 = dχ and dχ2 = dχ3 = · · · = dχD−2 = 0.
The Hamiltonian of a charged particle with a charge q is given by
H ≡ 1
2
gµν(πµ − qAµ)(πν − qAν), (5.7)
where πµ is the canonical momentum of a charged particle conjugate to the coordinates x
µ.
From the Hamiltonian equation
pµ =
∂H
∂πµ
, (5.8)
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the D-momentum pµ of a charged particle is given by
pµ = πµ − qAµ. (5.9)
From the normalization of the D-momentum of the charged particle
gµνp
µpν = −m2, (5.10)
where m is the rest mass of the charged particle, the energy equation is obtained by
(
dr
dλ
)2
+ Veff(r) = 0, (5.11)
where
Veff(r) ≡ −X
2(r)
m2
+ f(r)
(
1 +
L2
m2r2
)
(5.12)
is the effective potential for the charged particle, λ is the affine parameter,
X(r) ≡ E + qAt(r) (5.13)
and E ≡ −πt and L ≡ πχ are both constants. We obtain
dr
dλ
= σr
√
−Veff(r), (5.14)
where σr = ±1.
For simplicity, we consider the case where the charged particle moves in the radial direc-
tion by setting L = 0. From the forward-in-time condition dt/dλ ≥ 0, X(r) ≥ 0 should be
satisfied outside the event horizon.
We define a critical particle in the D-dimensional charged black hole spacetime as the
particle with
E = −qAt(r+) =
√
D − 2
8πGD(D − 3)
qQ
rD−3+
(5.15)
and hence X(r+) = 0. Therefore, the critical particle satisfies
dr
dλ
∣∣∣∣
r=r+
= 0 (5.16)
and hence Eq. (1.1).
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We will consider the collision of charged particles (1) and (2) falling into the black hole
or σ(1)r = σ(2)r = −1, where σ(1)r and σ(1)r are σr for particles (1) and (2), respectively. The
CM energy ECM for the collision of the two particles is defined by
E2CM ≡ −
(
pµ(1) + p
µ
(2)
) (
p(1)µ + p(2)µ
)
= m2(1) +m
2
(2) +
2
f
(
X(1)X(2) −m(1)m(2)
√
Veff(1)Veff(2)
)
, (5.17)
where pµI , mI , XI and VeffI are p, m, X and Veff for the particle I = (1) or (2), respectively.
Using l’Hospital’s rule with respect to r in the near horizon limit r → r+, we obtain
2
f
(
X(1)X(2) −m(1)m(2)
√
Veff(1)Veff(2)
)
= m2(1)
X(2)
X(1)
+m2(2)
X(1)
X(2)
. (5.18)
Thus, we obtain the CM energy for the collision of two particles in the near horizon limit
r → r+
E2CM = m
2
(1) +m
2
(2) +m
2
(1)
X(2)
X(1)
+m2(2)
X(1)
X(2)
. (5.19)
This shows that the collision with an arbitrarily high CM energy can occur if and only if
one of the two particles is critical and the other is noncritical.
In the nonextremal case, the critical particle cannot reach the event horizon because
Veff(r+) vanishes and V
′
eff(r+) is positive. Thus, the collision with an arbitrarily high CM
energy does not occur without multiple scattering in this case.
Hereafter we focus on the extremal case, i.e. Q =M . In this case, from Eqs. (5.3), (5.5),
(5.12) and (5.13), we obtain
f(r) =
(
1− M
rD−3
)2
, (5.20)
rD−3+ =M, (5.21)
X(r) = E
(
1− M
rD−3
)
(5.22)
and
Veff(r) = (1− α)
(
1− M
rD−3
)2
, (5.23)
respectively. Here we have used α ≡ E2/m2. Therefore, the effective potential for the
critical charged particle is negative outside the event horizon and therefore critical charged
particles reach the horizon from infinity. This shows that critical particles can collide with
noncritical particles near the event horizon with an arbitrarily high CM energy.
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A critical particle in the extremal charged black hole spacetime satisfies
dr
dλ
= −√α− 1
(
1− r
D−3
+
rD−3
)
(5.24)
and
d2r
dλ2
= (α− 1)(D − 3)r
D−3
+
rD−2
(
1− r
D−3
+
rD−3
)
. (5.25)
Thus, we obtain
dr
dλ
∣∣∣∣
r=r+
= 0 (5.26)
and
d2r
dλ2
∣∣∣∣
r=r+
= 0 (5.27)
and hence the force balance conditions (1.1) and (1.2) are satisfied.
VI. SUMMARY AND DISCUSSION
In this paper, we have investigated the collision of two particles around higher dimensional
black holes. We have assumed that the spin parameters of the Myers-Perry black hole take
only two different values at most and test particles with one conserved angular momentum
for simplicity. We have shown that the collision with an arbitrarily high center of mass energy
can occur in the vicinity of the event horizon if either of the two colliding particles satisfies
the critical particle condition. If we consider a massless particle or a highly relativistic
particle with m2/E2 ≪ 1 as a simple case, we can see that the critical particle can reach
the event horizon from a distant region as shown in Appendixes E and F. In the cases of
five and six dimensions, the motion of particles has been investigated in detail for general
parameters.
As expected in the discussion of analogies between the BSW process and the test-field
instability of the extremal black hole in Sec. I, an arbitrarily high energy particle collision
can occur in the vicinity of the horizon in higher dimensional extremal black hole spacetimes.
By considering a critical particle with an arbitrarily small rest mass and the other noncritical
particle around an extremal Myers-Perry black hole, we can construct a perturbation induced
by gravity of these two particles which is expected to be well described by linear perturbation
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around the background spacetime before the collision. However, if the collision occurs in the
vicinity of the event horizon, the center of mass energy can be arbitrarily large, and such
intense gravity cannot be described in the linear level. Since a field with a short wavelength
behaves like a test particle, there holds analogies between the phenomena of test particles
and fields. For example, it is well known that there exists an analogy between the Penrose
process and the superradiance around rotating black holes. Similarly, we conjecture that the
BSW process around an extremal black hole suggests the existence of the linear instability
of test fields on the extremal black hole.
On the other hand, our results suggest that the existence of ISCO is not essential for the
BSW process. This is because the BSW process works well in higher dimensions as shown
in this paper, though it is known that ISCO does not exist around the higher dimensional
black holes.
For the rest of this section, we discuss gravitational backreaction. Recently, Murata et
al. studied the test-field instabilities of an extremal Reissner-Nordstrom black hole, taking
gravitational backreaction into account [31]. They found that the linearly developed pertur-
bation does not decay even with backreaction but the spacetime evolves to a time-dependent
extremal black hole if the initial perturbation is fine-tuned, while the final state is a nonex-
tremal Reissner-Nordstrom black hole if the initial perturbation is generic. One can expect
that the analogy between the BSW process and the test-field instability may hold even if
the gravitational backreaction is taken into account. It is left as a future work to check this
analogy because we currently have a quite limited knowledge about the fate of the BSW
process in the presence of the gravitational backreaction [5].
While this paper was being prepared for submission, an interesting paper [39] by Abdu-
jabbarov et al. appeared, where the case of five-dimensional Myers-Perry black holes was
discussed. Here we briefly comment on their claims.
They deal with the center of mass energy of colliding particles around five-dimensional
Myers-Perry black holes not only with equal angular momenta but also with unequal ones.
In particular, in the case of a =
√
2M and b = 0, they showed that the center of mass energy
diverges at r = r+ = 0 without the fine-tuned angular momenta of particles. We point out,
however, that as is noted in [40], r = 0 and θ 6= π/2 in the case of a = √2M and b = 0 do
not correspond to a regular horizon but to a naked conical singularity. There also exists a
naked curvature singularity at r = 0 and θ = π/2 in the case of a =
√
2M and b = 0 [40].
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Hence, this diverging energy should be interpreted in a different context.
Abdujabbarov et al. [39] also claimed that the center of mass energy of particles which do
not have the fine-tuned angular momenta may diverge near the extremal five-dimensional
black holes with or without equal angular momenta based on numerical results. However,
Eq. (2.36) in the current paper clearly disproves this claim.
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Appendix A: The line element in the Myers-Perry black hole spacetime
In Appendix A, we review the line element in the Myers-Perry black hole spacetime [33–
35].
1. Metric form for general angular momenta
To describe the Myers-Perry spacetime in D (≥ 4) dimensions, we will use the Boyer-
Lindquist coordinates, which consist of n = ⌊D/2⌋ (≥ 2) coordinates {µi}i=1,...,n with the
constraint
n∑
i=1
µ2i = 1, (A1)
⌊(D − 1)/2⌋ azimuthal angular coordinates {φi}i=1,...,n−ǫ, the radial coordinate r and the
temporal coordinate t. Notice D = 2n+ 1 for odd D and D = 2n for even D.
The line element in the D-dimensional Myers-Perry spacetime in the Boyer-Lindquist
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coordinates is given by
ds2 = −dt2 + Udr
2
V − 2M +
2M
U
(
dt−
n−ǫ∑
i=1
aiµ
2
idφi
)2
+
n∑
i=1
(r2 + a2i )dµ
2
i +
n−ǫ∑
i=1
(r2 + a2i )µ
2
idφ
2
i ,(A2)
with
U = rǫ
n∑
i=1
µ2i
r2 + a2i
n−ǫ∏
j=1
(r2 + a2j ), (A3)
F = r2
n∑
i=1
µ2i
r2 + a2i
, (A4)
V = rǫ−2
n−ǫ∏
i=1
(r2 + a2i ) =
U
F
. (A5)
For even dimensions, there is an extra unpaired spatial coordinate and we choose the coordi-
nate as µn. Thus, the spin parameter an should vanish for even dimensions. The components
of the inverse metric are obtained by
gtt = −1 − 2MV
U(V − 2M) , (A6)
gtr = 0, (A7)
gtφi = − 2MV ai
U(V − 2M)(r2 + a2i )
, (A8)
grr =
V − 2M
U
, (A9)
grφi = 0, (A10)
gφiφj =
δij
(r2 + a2i )µ
2
i
− 2MV aiaj
U(V − 2M)(r2 + a2i )(r2 + a2j )
.
(A11)
2. Case of degenerate angular momenta
We consider the case where the spin parameters {ai} take only two values at most. See
the second and third paragraphs in Sec. II for our assumptions and conventions about the
spin parameters {ai} in details. We can express {µi} by
µi = λi sin θ (A12)
for i = 1, . . . , q and
µj+q = νj cos θ (A13)
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for j = 1, . . . , p, where {λi}i=1,...,q and {νj}j=1,...,p satisfy the constraints
q∑
i=1
λ2i = 1, (A14)
and
p∑
j=1
ν2j = 1, (A15)
respectively. If we introduce the two sets of spherical polar coordinates {αi}i=1,...,q and
{βj}j=1,...,p, we can write λi and νj as
λi =
(
q−i∏
k=1
sinαk
)
cosαq−i+1, (A16)
νj =
(
p−j∏
k=1
sin βk
)
cos βp−j+1, (A17)
where we use the following rules:
αq = βp = 0 (A18)
and
∏0
k=1 fk = 1 for any function fk. In the use of the coordinates θ, {αi} and {βj}, the µ
sector metric ds2µ =
∑n
i=1(r
2 + a2i )dµ
2
i in the line element (A2) can be written as
ds2µ = ρ
2dθ2 + (r2 + a2) sin2 θ
q−1∑
i=1
(
i−1∏
k=1
sin2 αk
)
dα2i + (r
2 + b2) cos2 θ
p−1∑
j=1
(
j−1∏
k=1
sin2 βk
)
dβ2j . (A19)
The components of the inverse metric are given by
gθθ =
1
ρ2
, (A20)
gαiαj =
δij
(r2 + a2) sin2 θ
∏i−1
k=1 sin
2 αk
, (A21)
where i and j run over 1, 2, . . . , q − 1 and
gβiβj =
δij
(r2 + b2) cos2 θ
∏j−1
k=1 sin
2 βk
, (A22)
where i and j run over 1, 2, . . . , p− 1.
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Appendix B: Explicit form of the Hamilton-Jacobi equation and the separation
with αi, βj
We obtain the explicit expression for the Hamilton-Jacobi equation [34]
−m2 = −
(
1 +
2MZ
r2ρ2∆
)
E2 +
4Ma(r2 + b2)
r2ρ2∆
q∑
i=1
EΦi +
4Mb(r2 + a2)
r2ρ2∆
p∑
i=1
EΨi
+
∆Z
rǫρ2Π
(
dSr
dr
)2
+
1
(r2 + a2) sin2 θ
q∑
i=1
Φ2i
λ2i
+
1
(r2 + b2) cos2 θ
p∑
i=1
Ψ2i
ν2i
− 2Ma
2(r2 + b2)
r2ρ2∆(r2 + a2)
q∑
i=1
q∑
j=1
ΦiΦj − 2Mb
2(r2 + a2)
r2ρ2∆(r2 + b2)
p∑
i=1
p∑
j=1
ΨiΨj
−4Mab
r2ρ2∆
q∑
i=1
p∑
j=1
ΦiΨj +
1
ρ2
(
dSθ
dθ
)2
+
1
(r2 + a2) sin2 θ
q−1∑
i=1
1∏i−1
k=1 sin
2 αk
(
dSαi
dαi
)2
+
1
(r2 + b2) cos2 θ
p−1∑
i=1
1∏i−1
k=1 sin
2 βk
(
dSβi
dβi
)2
. (B1)
We can separate αi and βj from the Hamilton-Jacobi equation (B1) and introduce separation
constants J21 and L
2
1 which satisfy
J21 =
q∑
i=1
Φ2i∏q−i
k=1 sin
2 αk cos2 αq−i+1
+
q−1∑
i=1
1∏i−1
k=1 sin
2 αk
(
dSαi
dαi
)2
(B2)
and
L21 =
p∑
i=1
Ψ2i∏p−i
k=1 sin
2 βk cos2 βp−i+1
+
p−1∑
i=1
1∏i−1
k=1 sin
2 βk
(
dSβi
dβi
)2
, (B3)
respectively. In addition, we can separate the coordinates α1, α2, . . . , αq inductively from
Eq. (B2) and get
J2w = sin
2 αw−1
[
J2w−1 −
Φ2q−(w−2)
cos2 αw−1
−
(
dSαw−1
dαw−1
)2]
=
q−(w−1)∑
i=1
∏w−1
l=1 sin
2 αlΦ
2
i∏q−i
k=1 sin
2 αk cos2 αq−i+1
+
q−1∑
i=w
∏w−1
l=1 sin
2 αl∏i−1
k=1 sin
2 αk
(
dSαi
dαi
)2
, (B4)
J2q−1 = sin
2 αq−2
[
J2q−2 −
Φ23
cos2 αq−2
−
(
dSαq−2
dαq−2
)2]
=
Φ22
cos2 αq−1
+
Φ21
cos2 αq
+
(
dSαq−1
dαq−1
)2
, (B5)
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J2q = J
2
q−1 −
Φ22
cos2 αq−1
−
(
dSαq−1
dαq−1
)2
=
Φ21
cos2 αq
, (B6)
where {J2w}w=1,...,q are separation constants. By changing {Φi}, {Ji}, {αi} and q in Eqs. (B4)-
(B6) into {Ψj}, {Lj}, {βj} and p, similar equations for βi are obtained as
L2w = sin
2 βw−1
[
L2w−1 −
Ψ2p−(w−2)
cos2 βw−1
−
(
dSβw−1
dβw−1
)2]
=
p−(w−1)∑
i=1
∏w−1
l=1 sin
2 βlΨ
2
i∏p−i
k=1 sin
2 βk cos2 βp−i+1
+
p−1∑
i=w
∏w−1
l=1 sin
2 βl∏i−1
k=1 sin
2 βk
(
dSβi
dβi
)2
, (B7)
L2p−1 = sin
2 βp−2
[
L2p−2 −
Ψ23
cos2 βp−2
−
(
dSβp−2
dβp−2
)2]
=
Ψ22
cos2 βp−1
+
Ψ21
cos2 βp
+
(
dSβp−1
dβp−1
)2
, (B8)
L2p = L
2
p−1 −
Ψ22
cos2 βp−1
−
(
dSβp−1
dβp−1
)2
=
Ψ21
cos2 βp
, (B9)
where {L2w}w=1,...,p are separation constants.
Thus, we obtain
dSαi
dαi
= σαi
√
Ai for i = 1, 2, . . . , q − 1, (B10)
dSβj
dβj
= σβj
√
Bj for j = 1, 2, . . . , p− 1, (B11)
where σαi = ±1 and σβj = ±1 are independent and
Aw ≡
(
dSαw
dαw
)2
= J2w −
J2w+1
sin2 αw
− Φ
2
q−w+1
cos2 αw
for w = 1, . . . , q − 2, (B12)
Aq−1 ≡
(
dSαq−1
dαq−1
)2
= J2q−1 − J2q −
Φ22
cos2 αq−1
, (B13)
Bv ≡
(
dSβv
dβv
)2
= L2v −
L2v+1
sin2 βv
− Ψ
2
p−v+1
cos2 βv
for v = 1, . . . , p− 2, (B14)
Bp−1 ≡
(
dSβp−1
dβp−1
)2
= L2p−1 − L2p −
Ψ22
cos2 βp−1
. (B15)
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Appendix C: Five-Dimensional Myers-Perry black hole spacetime
The line element in the five-dimensional Myers-Perry black hole spacetime in the Boyer-
Lindquist coordinates is given by
ds2 = −dt2 + ρ
2
∆
dr2 + ρ2dθ2 + (r2 + a2) sin2 θdφ21 + (r
2 + b2) cos2 θdφ22
+
2M
ρ2
(dt− a sin2 θdφ1 − b cos2 θdφ2)2. (C1)
The spacetime has Killing vectors ∂t for stationarity and ∂φ1 and ∂φ2 for axial symmetries.
The line element is invariant under the transformation
a↔ b, θ↔
(π
2
− θ
)
, φ1 ↔ φ2. (C2)
The event horizon exists at r2 = r2+, where
r2+ =
1
2
[
2M − a2 − b2 +
√
(2M − a2 − b2)2 − 4a2b2
]
, (C3)
if and only if
a+ b ≤
√
2M. (C4)
Note that ∆(r+) vanishes. The angular velocities of the event horizon, Ωa and Ωb, are given
by Ωa = a/(r
2
++a
2) and Ωb = b/(r
2
++ b
2), respectively. The extremal condition is expressed
by
a + b =
√
2M (C5)
and the event horizon in the extremal case is given by
r+ =
√
ab. (C6)
Appendix D: Four-dimensional extremal Kerr black hole
In the four-dimensional extremal Kerr black hole case, we have n = 2 (p = q = 1). The
inequality (4.7) is reduced to
(E2 −m2) sin4 θ +
(
m2 − 6E2 − J
2
1
2M2
)
sin2 θ +
J21
M2
≤ 0.
(D1)
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Equations (2.5) and (B6) imply
J21 = Φ
2
1. (D2)
Equations (4.3) and (4.4) imply
a2 = r2+ =M
2. (D3)
From Eqs. (3.18) and (D3), the critical particle should satisfy
Φ1 = 2ME. (D4)
By substituting Eqs. (D2) and (D4) into the inequality (D1), we obtain the inequality
(−E2 +m2) sin4 θ + 2 (4E2 −m2) sin2 θ − 4E2 ≥ 0 (D5)
which coincides with the inequality (4.5) of Harada and Kimura [14].
Appendix E: Veff < 0 for a critical particle around an odd dimensional Myers-Perry
black hole
In this appendix, we show that the function T |K=Kmax in Eq. (3.14) takes a negative value
outside the horizon in odd dimensions. Hereafter we denote T |K=Kmax as T for simplicity.
We define nondimensional radial coordinate r˜ as r˜ ≡ (r2+a2)/(r2+n). In this coordinate, the
horizon locates at r˜ = 1 from Eq. (3.8). Using Eqs. (3.8) and (3.9), the function T becomes
T =
r
2(n+1)
+ E
2nn+1
n− 1
[
(n− 1)(1− r˜n+1) + (n+ 1)r˜(r˜n−1 − 1)] . (E1)
We can easily show that T and its first, second and third derivatives take a zero or negative
value at the horizon r˜ = 1,
T |r˜=1 = dT
dr˜
∣∣∣
r˜=1
=
d2T
dr˜2
∣∣∣
r˜=1
= 0, (E2)
d3T
dr˜3
∣∣∣
r˜=1
= −r2(n+1)+ E2nn+5(n + 1) < 0. (E3)
The fourth derivative of T becomes
d4T
dr˜4
= −r2(n+1)+ E2r˜n−4(n− 2)(n+ 1)nn+2 [2 + (n− 1)(r˜ − 1)] . (E4)
We can see this takes a negative value outside the horizon r˜ > 1. Thus we can say T ≤ 0,
namely Veff < 0 outside the horizon.
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Appendix F: Veff < 0 for a critical particle around an even dimensional Myers-Perry
black hole
In this section, we show Veff < 0, namely the function T in Eq. (4.2) takes a negative
value outside the horizon for a massless critical particle with one conserved angular momen-
tum (3.15) around even dimensional Myers-Perry black holes with equal angular momenta.
Similar to the discussion in odd dimensions, we only have to show T < 0 in the case of
K = Kmax in Eq. (4.6). In this case, the function T becomes
T =
r2n+ E
2
2n− 3
{(
2n+ r˜2 − 3)n−2 [n (−2r˜4 + 4r˜2 + 6)+ 3r˜4 − 2r˜2 − 9]− 2n+1(n− 1)n−1r˜} ,(F1)
where r˜ ≡ r/r+ and we have used Eqs. (3.18), (4.3) and (4.4). We can easily show T and its
first, second, third and fourth derivatives take a zero or negative value on the horizon r˜ = 1,
T |r˜=1 = dT
dr˜
∣∣∣
r˜=1
=
d2T
dr˜2
∣∣∣
r˜=1
= 0, (F2)
d3T
dr˜3
∣∣∣
r˜=1
= − r
2n
+ E
2
2n− 32
n+1(n− 1)n−3 [3 + 10(n− 2) + 8(n− 2)2] ≤ 0, (F3)
d4T
dr˜4
∣∣∣
r˜=1
= − r
2n
+ E
2
2n− 32
n+1(n− 1)n−4 [3 + 25(n− 2) + 60(n− 2)2 + 44(n− 2)3] ≤ 0. (F4)
The fifth derivative of T becomes
d5T
dr˜5
= −8r2n+ E2(r˜2 + 2n− 3)n−7(n− 2)(n− 1)r˜{
192 + 2496(n− 2) + 5568(n− 2)2 + 3264(n− 2)3
+(r˜ − 1) [4288(n− 2) + 11136(n− 2)2 + 7616(n− 2)3]
+(r˜ − 1)2 [480 + 6480(n− 2) + 13200(n− 2)2 + 8640(n− 2)3]
+(r˜ − 1)3 [864 + 6256(n− 2) + 10064(n− 2)2 + 5856(n− 2)3]
+(r˜ − 1)4 [792 + 4268(n− 2) + 5812(n− 2)2 + 2808(n− 2)3]
+(r˜ − 1)5 [480 + 2048(n− 2) + 2336(n− 2)2 + 896(n− 2)3]
+(r˜ − 1)6 [192 + 696(n− 2) + 688(n− 2)2 + 224(n− 2)3]
+(r˜ − 1)7 [48 + 152(n− 2) + 128(n− 2)2 + 32(n− 2)3]
+(r˜ − 1)8 [6 + 19(n− 2) + 16(n− 2)2 + 4(n− 2)3]} . (F5)
In the curly brackets, the function is written in the form of the Taylor expansion around the
horizon r˜ = 1. Since all the coefficients of the Taylor expansion are manifestly non-negative
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because n ≥ 2, we can see d5T/dr˜5 takes a negative value outside the horizon r˜ > 1. So we
can say T < 0, namely Veff < 0 outside the horizon.
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